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Abstract. The /i- function defined by Zwegers in order to study mock theta functions splits 
into the sum of a meromorphic and a one-variable real-analytic Jacobi form. We show that 
this splitting is a general phenomena, common to a large class of real-analytic Jacobi forms. 
The proof displays a novel kind of harmonic Maafi- Jacobi forms for higher rank indices, for 
which we develop a basic structure theory. Specializations of such Maafe- Jacobi forms to 
torsion points are related to mixed mock modular forms. 



1. Introduction 

In his celebrated thesis |Zwe02| . Zwegers employed the so-called /i- function to provide an 
automorphic completion of the until then mysterious mock theta functions. The /x-function 
is a real-analytic Jacobi form of one modular and two elliptic variables. A remarkable fact 
was commented on by Zagier in |Zag07 : The "two- variable" /x-function can be written as the 



sum of a meromorphic Jacobi form and a real-analytic Jacobi form that only depends on the 
difference of the two elliptic variables. 

^, ^ C,{-t-,u)-C{t,v) + C{t,u-v) 

fJ'[T,U,V) = — h/i(r,M - V), 

&[T, U — V) 

where is the Weierstrass ^-function, and 6 is the Jacobi ^-function. The second term is the 
"one-variable" /i-function, which we denote, by abuse of notation, by the same letter as the 
original ^u-function. The primary goal of this paper is to provide a theoretical framework which 
explains this curious splitting. 

Classical Jacobi forms where defined in |EZ85| . and have been applied in many contexts 
since then. In some cases, the generating functions of interesting arithmetic quantities are 
Jacobi forms |Zag91 IGZ98| : in other cases, classical Jacobi forms and their generalizations 



have been used to understand the structure of modular forms of different type. For example, 
Jacobi forms occur as Fourier-Jacobi coefficient of holomorphic and non-liolomorphic Siegel 
modular forms — see |Koh94| IBRRll] for an explanation of how Fourier-Jacobi coefficients can 
be obtained from the latter. Jacobi forms also serve as a tool to better understand elliptic 
modular forms, quasimodular forms |Zag94 , and mock modular forms. Quasimodular forms 



occur as Taylor coefficients of classical Jacobi forms. A more recent accomplishment that is 
based on Jacobi forms, and which is closely connected to the subject of this paper, are the 
findings by Zwegers in |Zwe02) . He provided three different ways, all based on non-classical 
Jacobi forms, to understand mock modular forms — see jRamOOj for details on the latter. First, 
he defined the //-function, a real-analytic Jacobi form which specializes at certain torsion points 
to automorphic completions of mock theta functions. Second, he defined indefinite theta series 
for lattices of signature (r — 1,1), which are also real- analytic Jacobi forms. They can be 
employed in a similar way as the |U-function to understand mock theta functions. Third, 
Zwegers analyzed Fourier coefficients of meromorphic Jacobi forms of several elliptic variables, 
in order to obtain mock modular forms. 



2010 Mathematics Subject Classification. Primary 11F50; Secondary 11F27. 

Key words and phrases, real-analytic Jacobi forms, /i-function, mixed mock modular forms. 

1 



2 



MARTIN RAUM 



Motivated by this success of real-analytic Jacobi forms (defined in an ad- hoc way), several 
attempts were made to give a precise definition of real-analytic Jacobi forms and, more specif- 
ically, harmonic Maa£-Jacobi forms. In the past few years, several such definitions, all based 
on the Casimir operator for the extended real Jacobi group, were suggested by Berndt and 
Schmidt, Pitale, Bringmann and Richter, Conley and the author, and Bringmann, Richter and 
the author |BS98l IPit09l IBRlOl ICRlll IBRRll] , In order to discuss these definitions, recall 
that Jacobi forms are functions cp : Mx — )• C, depending on a modular variable r G HI C C 
in the Poincare upper half plane and elliptic variables z G C'^. The index of a Jacobi form is a 
N X N matrix. A Jacobi form is semi-holomorphic, if it is holomorphic as a function of z. The 
Casimir operator is a certain invariant, central differential operator that annihilates constant 
functions. 

Berndt and Schmidt, and Pitale gave definitions of real- analytic Jacobi forms that were mo- 
tivated by representation theoretic ideas, thus restricting to functions that satisfy a polynomial 
growth condition with respect to the modular variable. By their definition, a real-analytic Ja- 
cobi form is an eigenfunction of the Casimir operator. In addition, Berndt and Schmidt require 
a real-analytic Jacobi to be an eigenfunction of another differential operator which is invari- 
ant, but not central, and which is similar to in |BRR11| — see also Section [2j Pitale then 
showed that it suffices to consider semi-holomorphic forms in order to study smooth vectors in 
autormorphic representations for the extended Jacobi group. This let him require Maafe- Jacobi 
forms to be semi-holomorphic eigenfunctions of the Casimir operator. 

The work by Bringmann and Richter introduced a new idea. Restricting to functions that 
are annihilated by the Casimir operator, they relaxed the growth condition, requiring at most 
exponential growth, and called the Jacobi forms that arise this way harmonic Maafe- Jacobi 
forms. In order to distinguish them from the Jacobi forms mentioned so far, we will call them 
harmonic weak Maafi-Jacobi forms. It is important to notice that functions that only satisfy 
a weak growth condition currently cannot be incorporated into a satisfactory representation 
theoretic framework. However, they gain importance by the tremendous amount of applications 
in which harmonic weak Maa£ forms |BF04| and harmonic weak Maafi-Jacobi forms show up — 
see, for example, |Bru02| IDIT091 IDMZll| . Note that, even though Bringmann and Richter 
formally did not impose any further condition, their work treats only the semi-holomorphic 
case. 

The weak growth condition was used in |CR11| to give a definition of semi-holomorphic 
harmonic Maafi-Jacobi forms of lattice index. In the context of |CR11| . this type of Jacobi 
forms is relevant because of its connection with Siegel modular forms of higher genus |Raul2| . 
In Section 3 of |CR11| . it was shown that the vanishing conditions with respect to analogs of 
the above A^, in this setting, lead to semi-holomorphic functions, if the Jacobi index is not 
a scalar. This is an important observation, which is treated in more detail in Theorem 13.51 of 
this paper. 

The case of scalar Jacobi indices was in the focus of f BRR12) . When allowing certain 
kinds of singularities, the class of harmonic Maafi-Jacobi forms that are annihilated by A^ is 
strictly larger than the class of semi-holomorphic harmonic Maafi-Jacobi forms. A complete 
structure theory of Heisenberg-harmonic (H-harmonic) Maafi-Jacobi forms with scalar Jacobi 
indices could be built up. We restrict ourselves to reminding the reader that the one-variable 
/U-function is an H-harmonic Maafi-Jacobi form. 

The definition of H-harmonic Maa£-Jacobi forms. As discussed above, results on real- 
analytic Jacobi forms, so far, either restrict to the semi-holomorphic case or to the case of 
scalar Jacobi indices. The two- variable /i- function is neither semi-holomorphic and nor has 
it scalar Jacobi index. In order to study it as a real-analytic Jacobi form, we develop the 
theory of H-harmonic Maafi-Jacobi forms of arbitrary indices. To explain this definition, we 
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recall in detail the main result of Section 3 in |CR11| . Let Y± denote the lowering and raising 
operators with respect to the elliptic variables — explicit expressions are given in Section [2j 
These are A^-vectors of differential operators, and we write Y±^e for the linear combination of 
their entries with coefficients given by e G \ {0}. We call them the lowering and raising 
operator in direction of e. In |CR11| . it is shown that, if > 1, any smooth function from 
H X to C that is annihilated by l+,e ° ^-,e for all e € \ {0} is holomorphic in z. In 
other words, a coordinate independent definition of H-harmonic Maa£-Jacobi forms leads to 
semi-holomorphic forms whenever the Jacobi index is not scalar. From the perspective taken 
in [CRllj . coordinate independence is a reasonable assumption, which holds automatically for 
Maaft-Jacobi forms that are obtained from real-analytic Siegel modular forms and orthogonal 
modular forms. The two-variable ^u-function, however, is not semi-holomorphic. One is thus 
led to consider coordinate dependent H-harmonicity. Fixing a tuple E of linear independent 
vectors in , we consider Heisenberg harmonic functions with respect to E (H[£']-harmonic 
functions) that, by definition, are annihilated by l+^e ° ^-,e for all e G E — see Definition 13.11 
The basic theory of H-harmonic Maafi- Jacobi forms is developed in Section [3l 

Splittings of H-harmonic Maafi- Jacobi forms. The ^u-function falls under Definition 13. 1| 
and its splitting can be explained in the setting of H-harmonic Maafe- Jacobi forms. We prove 
the following theorem, which shows that the splitting into a meromorphic Jacobi form and 
an H-harmonic Maafe- Jacobi forms that depends only on one elliptic variable is a general 
phenomenon. 

Theorem 1.1. Let (j) be an I{[E]-harmonic Maafi-Jacobi form (defined in \'J.1\) of index L 
that is degenerate and has signature (0,1). Suppose that E = (e) for e G Q'''^^^) with length 
L[e] < 0. Further, suppose that 

(1) (j) is annihilated by the operator which is defined in ()2.6p ." 

(2) the singularities of (p lie in the union of sets defined by equations X{z) = ar + 13, where 

is a linear form satisfying A(e) ^ 0, and a, /3 G Q; 

(3) (p satisfies the growth condition (p{T,aT + (3) = 0(1) as y — )• cxd for all a, 13 e Q^'^(^) such 
that T I— )• (r, ar + /3) does not meet any singularities of (j). 

Then 

(1.1) <P{t, z) = ,/)-(r, {z, e)eucl) + </''"'=™(r, z) . 

Here, (jf^ is an H-harmonic Maafi-Jacobi form in the sense of |BRRT2] . is meromorphic 

Jacobi form, and {■ , • )eucl denotes the euclidean scalar product. 

In analogy with the results obtained in |BRR12| . the first conditions on (p is most likely not 
necessary. A detailed study of H-harmonic Maafi-Jacobi forms that do not vanish under ^, 
however, is not within the scope of this paper. 

The following examples illustrate that the second and third condition are necessary. Recall 
the function 0-2,0 which was defined in |EZ85| . It is a weak Jacobi form of weight —2 and 
index 0. We find that (j)^2,o{'^j zi)^^ ^[{t, Z2) is an H-harmonic Maafi-Jacobi form of weight | 

and degenerate index _y2^i which does not satisfy the second condition. Using Proposi- 
tion 13. 6| it is easy to see from its Fourier expansion that it cannot be written as in (|l.ip . The 
same argument shows that </>-2,o(''"; -^i) V-i^, Z2), which does not satisfy the third condition, can 
also not be written as in (jl.ip . 

Constructions of H-harmonic MaaE-Jacobi forms. It is natural to ask for further exam- 
ples of H-harmonic Maafi-Jacobi forms. We give two constructions. One of them generalizes 
theta series for indefinite lattices defined in [Zwe02| . The other is based on a theta-like de- 
composition as in |BRR12) . We prove modularity of indefinite theta series for non-degenerate 
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indefinite lattices in Section |4l Our definition of indefinite theta series follows closely the one 
suggested in |Zwe02| . It makes use of additional data which can be interpreted as a partial 
frame of the underlying lattice. This frame must satisfy strong conditions so that the associ- 
ated indefinite theta series converges. In conjunction with the results in Section [31 however, 
one finds that this is no actual restriction. Theorem 13.51 shows that indefinite theta series 
as in Definition 14.31 can essentially only converge for "partial orthogonal frames" (which are 
described in the preliminaries). 

The theta-like decomposition introduced for Maa£-Jacobi forms of scalar Jacobi index 
in [BRR12| provides a more fiexible way to construct examples. Section [5] contains a consider- 
ation of the general case. We prove Theorem 15.21 which extends the theta-like decomposition 
studied so far to the case of arbitrary Jacobi indices. Recall the statement in the case of scalar 
indices. An H-harmonic Maafi- Jacobi form of index —m < can be written as 

X] hl{T)'jlm,l{T,z) 
I (mod 2m) 

where the hi are the components of a vector- valued elliptic modular form, the 'jlm,i ai'e functions 
depending only on m and Z, and -0 is a meromorphic Jacobi form. It is important to note that 
in our setting, such a decomposition result must incorporate additional meromorphic factors. 
A prototypical decomposition for a Jacobi form of index ( g ) is 

tpm,liT,Zi)hl{T)'j2m,liT,z) 

I (mod 2m) 

where the ^lJm,l are meromorphic Jacobi forms, that depend on (p. 

Specializations of H-harmonic Maafi- Jacobi forms. In the spirit of, for example, |Zwe02| . 
it is interesting to study specializations of H-harmonic Maai^- Jacobi forms to torsion points. In 
Section [5l we describe the form of such specializations. Let Mj^ and denote, respectively, 
the space of weakly holomorphic modular forms and harmonic weak Maafi forms of weight k. 

Theorem 1.2. Let (f) be an I{[E]-harmonic Maafi- Jacobi form for a rational frame E. Suppose 
that (j) vanishes under ^, and that the Jacobi index L of (p is non-degenerate. If z : H — )• 
EI X C'^'^^^-' is a torsion point that does not meet any singularities of (j), then 

#E 

<Pir,zir)) G 0(M.)^"®Mi_„. 

n=0 

By specializing H-harmonic Maa£-Jacobi forms to torsion points one obtains sums of prod- 
ucts of harmonic weak Maafi forms. Such products cannot be characterized by differential 
operators, a paucity which let emerge the approach of mixed mock modular forms |Zag09| . 
Our results reconcile the approach taken by geometers, who tend to focus on harmonic mod- 
ular forms, and physicists, who often encounter products of harmonic weak Maai^ forms and 
holomorphic modular forms. In particular, physicists will want to study which of the mixed 
modular forms they have encountered so far can be obtained as "holomorphic parts" of special- 
izations of H-harmonic Maafi- Jacobi forms to torsion points. A candidate for a mixed mock 
modular form that arises from this way can be found in |ManlO| Equation (3.5)]. It already 
carries the structure possibly inherited by a theta-like decomposition of H-harmonic Maafi- 
Jacobi forms. In general, such Maafi- Jacobi forms would encode more detailed information 
than the mixed mock modular forms that are obtained from them. 



H-HARMONIC MAASS-JACOBI FORMS 



5 



2. Preliminaries 
2.1. Jacobi forms. The Poincare upper half plane is 

m = Ml :={T = x + iy : y > 0} C C. 
The natural action of SL2(M) on EI is given by 

ar + b 
CT + a 

where a typical element 7 of SL2(R) is written For any integer iV > 1, we define the 

Jacobi upper half plane by Hi^jv := M x C''^. Its imaginary part is Jm Mi^n := {y € M : y > 
0} X M. 

Set e(x) = exp(27rix) for all x & C We will write q for e(r) and C for e{^Zi). Given 
r G M'^, define as e{J2ziri). 

Multiplication in the real Jacobi group 

Gj^ := SL2(R) X (R^®R2) 

is given by 

(7, A, 11) ■ (7', A', ^0 = (77', (A, fiW + (A', mO) . 

Here, a typical element of Gj^ is denoted by (7, A,//), where A and /j, are iV- vectors. They 
correspond to an element in x under the natural identification with the set of N x 
2-matrices M;v,2(l^)- The action of 7' on MAr,2(I^) is the usual multiplication. 
The real Jacobi groups acts on the Jacobi upper half plane via 

(7,A,/.)(r,.) = (7r,^±^). 

Fix an integer k and an integral symmetric matrix L £ M^(^Z). By integral we mean that 
the diagonal elements of L lie in Z. The discrete subgroup Tj^ = SL2(Z) x (Z^ (g) Z^) C Gj^, 
the full Jacobi group, acts on complex valued functions (f) on Mi^tv We define 

i^\k,L (7,A,m))(t, IJ-) 

= {cT + d)-^e{{-cL[z]){cT + d)-^ + 2AL^ + L[r])(/>((7, A, mw)(r, m)) • 

isk . 

This is the usual Jacobi slash action. The skew Jacobi slash action, is built up similarly. 
The factor (cr + d)"^ is replaced by |cr + d\~^{cT + dY~^. 

We say that a function ^ : Hi^jv — ^ C has non-moving singularities, if there are finitely 
many linear maps p : M and finitely many a, ^ G R, such that the singularities of (f) are 

located at {z : p{z) = a + jSr} + Z^ + tZ^. We say that such a singularity in (tq, -zq) has 

(i) meromorphic type, 

(ii) almost meromorphic type, or 

(iii) real-analytic quotient type, 

if there is a neighborhood U C EI of tq, a function : H — )• with zo(to) = zq, and a 
function tp : U \ {{t, Zo{t)) : t e U} which 

(i) is meromorphic, 

(ii) is the quotient of a real-analytic by a holomorphic functions, or 

(iii) is the quotient of two real-analytic functions 

such that 4> — ^ can be continued real-analytically to a neighborhood of (tq, ^o)- 

A complex valued function on Hi^jv that is meromorphic as a function of the second com- 
ponent, z, will be called semi-meromorphic. Such a function is called semi-holomorphic if it 
has no singularities. 
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2.2. Lattices and frames. A real symmetric matrix L G M^(]R) can be identified with the 
Gram matrix of a quadratic form on M^, which we denote by L[-]. The bilinear form attached 
to L[-\ will be denoted by (z, z')l = L[z + z'] — L[z] — L[z']. It extends to a sesquilinear form 
on C'^ = M'^ (S> C. We will also denote this extension by (•, The Z- module is an even 
lattice in R^, and we will freely identify L with this lattice. We write rk(L) for the rank of L 
as a Z-module. We write \L\ for the determinant of L. We will often assume that L is non- 
degenerate. That is, we will assume that the matrix L is invertible. A vector z/ S L is called 
isotropic if L[z^] = 0. The maximal totally isotropic subspace {I £ L : £ L : = 0} 

will be denoted by Lq. Write dV+ for the number of positive eigenvalues of L over M. Write 
dV- for the number of negative eigenvalues. Then the signature of the lattice L is the pair 
(dy+,dy_). 

We will call L positive or negative semi-definite if dV- = or dV+ = 0. We say that L is 
positive or negative definite if dV+ = rk(L) or dV-^ = rk(L). A totally isotropic lattice satisfies 
dV+ = dV- = by definition. 

The dual of a non-degenerate lattice L will denoted by L'. We will write disc(L) for the 
discriminant module L" / L. The Weyl representation associated to L is a representation of 
the metaplectic cover of SL2(Z) on the group algebra C[disc(L)] (see [Sko07]). A basis for 
C[disc(L)] is given in terms of bx where A runs through disc(L). By abuse of notation we write 
J and T for the generators of the metaplectic cover of SL2(Z) that project to the corresponding 
generators J = {i~q) and T = (q {) of SL2(Z). In terms of said basis and these generators, 
the Weyl representation is defined as: 

Pl{T) bx := e{L[X])bx, 

pmiS) bx := e( - (A,A')l) 6a'- 

V ^^1^1 A'edisc{L) 

Throughout the paper we will freely pass to the metaplectic cover of SL2(M) whenever neces- 
sary. 

Given any set of vectors z^i, . . . , i/„ we denote their span by span(z/i, . . . , Vn)- It will be 
clear by context, whether we mean the span over Z, M, or C. The orthogonal complement of 
ui, . . . will be denoted by {ui, . . . , i^n}'^- 

A frame E of is an (ordered) basis. We write e G -E if e is an element of the underlying 
unordered basis. Given two frames E' , E" C E, we mean by E'UE" the frame whose elements 
occur in the same order as in E. The set of vectors in E which have positive or negative length 
or are isotropic will be denoted by E^, E^, or Eq, respectively. A partial frame is a basis for 
a subspace of M^. We say that a partial frame is orthogonal if its elements are orthogonal to 
each other with respect to the euclidean scalar product on M^. By abuse of notation we will 
often say that E is a frame of L, when we mean it is a frame of = L (8) M. Throughout the 
paper, we assume that the elements of E have euclidean length 1. 

There are natural coordinates of C''^ attached to a frame E oi L. We will write Ve = {v, e)eucl 
for any e £ E. Here, (• , •)eucl means the Euclidean scalar product. Analogously, Q means 
e{ze)- By abuse of notation we also write Ve for VeC / |e|euci and ve for X^es-B '^e e / |e|euci- Since 
one quantity is a number and the other a vector, it will be clear from the context, which one 
we refer to. We write dz^ for the derivative with respect to Zg of a function depending on 

We will often write Lg for L[e]. The restriction of L to span(£') will be denote by Lg. In 
particular, Lg can denote a number or a lattice, depending on the context. 



2.3. DifTerential operators. The following lowering and raising operators have been given 
in |CR11| in the case of non-degenerate L. The fact that they generate the algebra of covariant 
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operators of the extended real Jacobi group is proved there. We content ourselves with giving 
explicit expressions. The reader is referred to |CR11| for a detailed treatment. 

In order to treat the degenerate case, define n^d ^-s the projection onto Lq, where in this 
case we take the orthogonal complement with respect to the euclidean scalar product. Writing 
L = 27riL, the lowering operators, X_ and y_, and the raising operators, and 1 + , are 

X!'^ := -2iy{ydr+ {dndvfdj), X^'^ := 2i{dr + y-^v^d, + y-'iKd?^]) + ky-\ 
yfc,i -iyO^^ Y^'^ := idz + 2iy^^L'K^dV. 

The Casimir operator commutes with all other covariant differential operators. In order to 
define it, we set 

(2.1) ^k:=^y^drch-2kiyck. 

An explicit expression for the Casimir operator for it was found in |CR11| . again restricting 
to the non-degenerate case. Let be the matrix with ker = kervTnd and ind^nd ~ 
-^nd ~ ^nd- Then the Casimir operator is given by 

(2.2) e{i^ := - 2A,_^/2 + 2y^{d^L-lm + drL-lm) - 8ydr{7r^dv)'^d^ 

- h'{Kdm&^] - (d^&f) + 2y{{7r^dvfch)djL~^du 

- i(2A; -N + l)iyd^L-^du + 2{Tr^dvf {{TT^^vf ck) 

+ {2k-N- l)i{7T^dvfd^. 

The Heisenberg Laplace operator will be equally important in this paper. Given a frame E 
of and eeE, define 

(2.3) Af"^ := yd.^ch^ + {Tr^^vf Led^^. 
The heat operator is defined as follows: 

(2.4) ]LL:=2dr-lL-^m. 
We also define a partial heat operator 

(2.5) Le := 2dr - ^LE^m, 

if Le is non-degenerate. 

Following the ideas in fB R10| and [CRllj . we build a ^-operator out of the covariant opera- 
tors. It can be used to relate various spaces of real-analytic Jacobi forms. Note, however, that 
we apply complex conjugation, which is not applied in neither of the references. Define 

(2.6) Ck,L{^) := yfc-2-^/2(X_-l£-,l[y-])(<A). 

For a partial frame E such that L^; is non-degenerate, define 

(2.7) CfA^) := yfc-2-A^/2(X_-§£^l[>^~])('A). 

It is, of cause, possible to define withoug the condition on Le, but we avoid this technicality 
as we will not need such 
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2.4. Elliptic modular forms. Vector-valued elliptic modular forms are invariant under the 
1^ -action associated to some k G a finite dimensional, complex representation p : SL2(Z) — t- 
GL{V). It is defined as 

(/L,p7)(r) = (cT + d)-V(7)/(7T), 

where 'JT denotes the action of SL2(M) on M. Recall that we freely pass to the metaplectic 
cover in case /c Z. The space of vector- valued modular forms of weight k and type p is the 
space of functions f : M ^ V satisfying 

(1) /|^7 = /for all7Gr, 

(2) /(r) <0(1) asy^oo. 

This is denoted by M]f_{p). 

The space of weakly holomorphic elliptic modular forms is the space of functions / : EI — )■ 
where the second condition is weakend: /(t) < 0(e"^) for some a > as y — )■ cxd. This space 
is denoted by M^(/9). 

The space of harmonic weak Maa£ forms of weight k is denoted by M^. It is the space of 
real-analytic functions / : H — )■ C satisfying 

(1) /|,7 = /forall7er, 

(2) Afc/ = 0, 

(3) /(t) < 0(e"^) as y — )• CXD for some a > 0. 

2.5. Skew Jacobi forms. We end this section with the definition of skew-holomorphic Jacobi 
forms. In the case of scalar Jacobi indices it was given in |Sko90 !| . Originally, skew-holomorphic 

functions of weight k are invariant under i , i . The reader should be alerted to the fact that 

'2'*^ 2 

we use the conjugate I, 11, which is more convenient in the context of the Heisenberg ^- 

2'2 

operators to be defined later. For a, /? G M with a — /3 G ^Z, we define 

(/L,/3 7) {r) = {CT + dr^{cT + d)-^p{j)f{jT) . 

Note that the condition on a — (3 ensures that this is well-defined as an action of the metaplectic 
cover of SL2(Z). This action naturally induces an action |^^^ of the full Jacobi group. We 

., |sk[£;] , I 
write 1^^^ lor |^_^^^^^. 

Definition 2.1. Let L be a non- degenerate lattice and E a partial frame. Let (p : Mi^n — ^ C 
be real-analytic except for non-moving singularities of real-analytic quotient type. We call (j) an 
E-skew Jacobi form (with singularities) of weight /c E Z and index L if it satisfies the following 
conditions: 

(i) For all 7^^ G rj?j^(L)' ^^'^'^ "^Ifc^i^'V — 
(a) (p is annihilated by andhE- 

(Hi) cj) is holomorphic in z^i- and anti-holomorphic in ze- 

(iv) For some a > 0, (t){T,z) = 0(e"^) as y — )• 00 if z = ar + (5, a,f3 G M'''^^^) is a 
non-singular point. 

We will denote the space of i?-skew Jacobi forms of weight k and index L by A^J^^j^^. As 
we allow singularities throughout the paper, we will suppress the phrase "with singularities". 
As in the holomorphic and skew-holomorphic case, we have a theta decomposition. 

Proposition 2.2. Suppose that (p is an E-skew Jacobi form of weight k and index L = Le ® 
Le-l. If (p has singularities only at \i{z) = aiT -\- j5i, where Aj G {E-^)", ai,Pi G Q, then 
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for meromorphic (pr, and Le > 0- 

3. H-HARMONIC MAASS-JACOBI FORMS 

In |CR11| . it was argued that all H-harmonic Maafe-Jacobi form for non-degenerated lattice 
indices of rank greater than 2 are semi- meromorphic. The proof of this fact depends on the 
independence of coordinates. We are led to assume this independence, because a lattice is 
not equipped with any basis. After fixing a basis, that is, when considering framed lattices, 
examples can be found that are not semi-meromorphic. 

Definition 3.1 (H-harmonic Maa£-Jacobi forms for framed lattices). Let L be a lattice, and 
E a partial frame for L. Let <j) : — )• C 6e real-analytic except for non-moving almost 
meromorphic singularities. We say that (j) is an }i[E] -harmonic Maafi-Jacohi form of weight k, 
index L if it satisfies the following conditions: 

(1) For all -f^ £ ^i],(_L)' ^"^e 4'\k,Ll'' = <A- 

(2) (j) is annihilated by j^. 

(3) (j) is annihilated by all A^'*^^ for all e £ E, and (j) is holomorphic in z^^- 

(4 ) (pir, z) = 0(e"^) (a> as y — )• oo if z = ar -\- f3, a, 13 £ M'''^^^^ is a non-singular point. 

We denote the space of all H[i?] -harmonic Maa£-Jacobi forms of fixed weight k and index 
LbyXJ^^^^^J. We say that cf) is H-harmonic, if it is H[ii;] -harmonic for some E. 

Remarks 3.2. 

(a) The definition extends to half-integral weights and indices, and characters ofF^^^y We do 
not treat these cases, as they lead to additional technical difficulties and do not yield further 
insight. Zwegers's jJL-function, however, strictly speaking does not fall under Definition \'J.l[ 

(b) An analog definition can be made for the skew Jacobi slash action. 

(c) We can define H-harmonic Maafi-Jacobi forms for any T = Feii x (Z^ W^^^^^ where 
Tell C SL2(Z) has finite index. 

(d) Definition ] 3. 1\ is compatible with the notion of vector-valued Jacobi forms. For any complex 
representation p o/ SL2(Zf), we set (/)|^ ^ ^(7, A, /u) = /9(7)(/)|^ ^(7, A, ^). We say that a 
function (j) : IHIi i.k{L) ~^ ^dimp ^ Jacobi form of weight k, index {L,E), and type p if 
every component satisfies Conditions ^ to ^ of Definition \3. 1] and (p\k l pl'^ = (p for all 

3.1. Subspaces of TWJ^^ . Based on the lowering operators given in Section [2] and in 
analogy with the ideas in |BRR12) . we define several subspaces of J^^^^'. The space 

-^Jfc.L — ker (XJ 

is the most important one. Indeed, the theory developed in this paper is mostly concerned 
with forms in For this reason, we will usually suppress the superscript 5. 

For E' C E, we set 

M4r'--= n ker(yf,f|^^.3,.0- 

e£E\E' 

In accordance with the notation in |BRR12| . we write AiJ^'j^ for A^J^^'^^. Notice that in this 
case we can suppress the frame = 0, because the space of semi-meromorphic Maafi-Jacobi 
forms is independent of it. 

Remarks 3.3. 
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(a) The theory of Maafi-Jacobi forms in AiJ^'j^ was developed in |CR11| . It resembles strongly 
the theory of harmonic weak Maafl forms. 

(b) A theory similar to the theory presented in |BRR12| could be developed for A 
decomposition A^J^^^^' = ^^e' -^"^k^^^ *^-^J^L where the sum runs over (possibly 
trivial) partial frames E' such that L = Le' ® Le'^ probably holds. The author did not 
check any details. 

(c) Note that TWJ^^ is the space of meromorphic Jacobi forms with non-moving singularities 
of meromorphic type. 

As in the case of rk(L) = 1, dealt with in |BRR12| . there is a Heisenberg ^-operator, which 
we will define now. Let ii^ be a partial orthogonal frame for L. Suppose that L admits a 
decomposition Le (B Le± where Le is negative definite. Define 

We will not describe the image of ^^I-^'l in the most general situation. It consists of "i?'-skew 
H[i?] -harmonic" Maafi-Jacobi form, which we will not use. 

Remark 3.4. By Proposition \3.6\. I{[E] -harmonic Maafi-Jacobi forms are semi-holomorpic 
in Ze, if e ^ E,L[e] > 0. For this reason, if L is non- degenerate, the above Heisenberg ^- 
operators are sufficient to simplify ^-harmonic Maafi-Jacobi forms to semi-holomorphic ones — 
see Section [31 If L is not invertible, consider the statement of Theorem \L1[ 

3.2. Orthogonality of E with respect to L. We connect H-harmonic Maafi-Jacobi forms 
for a framed lattice to coordinate independent H-harmonic Maafi-Jacobi forms, which have 
been studied in |CR11| . Recall the that by the result in |CRllj . any Maafi-Jacobi form that 
is H-harmonic for all frames of a non-degenerate lattice L is semi-holomorphic. The following 
theorem refines this statement, by relating it to L-orthogonality of E. 

Theorem 3.5. Let L be a lattice, and E a partial frame. Set 

E' = {e€ E -.^e' £ E,e' ^e: {e,e')L = O}. 

Then 

Proof. We must prove that any G J^ ^ depends holomorpliically on whenever there 
is e' G -E, e' 7^ e such that (e, e') ^ 0. The proof of [CRllI Theorem 3.4] can be applied word 
by word to this setting. □ 

From now on, we will assume that all (partial) frames E satisfy 
(3.1) ye,e' € E, e' : {e,e')L = 0. 



3.3. Fourier expansions. We will study the Fourier expansions of H-harmonic Maafi-Jacobi 
forms. This will yield further restrictions on the index of Maafi-Jacobi forms which are not 
semi-holomorphic . 

Besides the holomorphic terms, two building blocks turn out to be sufficient to explicitly 
describe the Fourier expansion. The function H, up to slight modifications, appeared in |BF04] 
first. It is usually employed to describe Fourier expansions of harmonic weak Maafi forms. The 
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function H^^''\ adopted from |BRR12| . was adjusted to the setting of lattices indices. Set 



oo 



(3.2) H{y-D):=e-y erH-'"-^/^ dt 

J-2y 

(3.3) H{y;D) ■.= y-''+'^^^^/^, if D = 0; and 



if D / 0; 

y=TTDy/2\L\ 



(3.4) H^^^\y,v;r) := sgn{r, + 2lJ^) l{\,^{re + 2Lj^f 

y ^ ^ y 

Here, the incomplete gamma function /g^i^^^e* dy is denoted denoted by 7(5, t). In the last 
line, we assume that Lg < 0. If the integral representation for H does not converge, we mean 
its analytic continuation in k. 
For D < 0, we have 

H{y- D) = exp ( - vrDy / 2|L|) r(l + y - k, -Dy / |L|) 

Recall that is a maximal non-degenerate sublattice of L. We say that 

DL{n,r) := |L,d|(4n - L'^H) 

is the discriminant of an index {n,r), n £ Z, r G L. We always suppress the dependence on L, 
n, and r, which will be clear by the context. 

Maafi-Jacobi forms with non- moving singularities admit a local Fourier expansion (see |BRR12| ). 
The next proposition describes the analytic part of Fourier terms that occur for H-harmonic 
Maa£-Jacobi forms. 

Proposition 3.6. Let (p be an ]i[E]-harmonic Maafi-Jacobi of index L. Write 

(3.5) Yl cin,r;y,v)q^C 

for the local Fourier expansion of (f) around some point in EIx^rk(L)- For fixed n and r, c{n,r) 
is the sum of complex multiples of 

(3.6) J2 c^'''^''''(n,r) J] '^M'^^r.v,) J] H''^'\y,v;r), 

E'CEoUE- e£E^ e£E'_ 

and 

(3.7) c'^'''^^\n,r)H{y;D) J] exp(47rret;e) H H''^''Hy,v;r). 

E'CEoUE. eG-B^ e£E'_ 

We state two corollaries, before proving the proposition. 

Corollary 3.7. A Maafi-Jacobi form 4> G A^J^^^'^ ' lies in MJ^j^^^ ' if and only if all c~^^"^ 
(E" C E' ) in the Fourier expansion (|3.5p of (j) vanish. 

Proof. Using the Fourier expansion given in Proposition l3.6[ the corollary can be proved locally. 
Since Maafi-Jacobi forms are real-analytic with non-moving singularities, it holds everywhere, 
by analytic continuation. □ 

Corollary 3.8. Adopting E' from Theorem VJ. 51 we have 

Proof. This follows from Theorem 13.51 and Corollary 13.71 □ 

Proposition 13.61 will follow from the following two observations. It is important to keep 
Assumption (|3.ip in mind. 
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Proposition 3.9. Let L be a lattice and E a frame for L. Fix some e £ E, that is not 
isotropic. Then we have 

Ai a(v)e(L(,T) 



ye[LeT) 

In particular, the right hand side extends smoothly to Ve = 0. 



Proposition 3.10. Let E be a frame o/ M . Suppose that fe{-',r) : JmMi^N — )■ C are 
solutions to A^H /g(y, Ve', r)C = for all e G E. Then 

e&E 

if and only if 

The proof of Proposition 13.91 is straight forward, but the proof of Proposition 13.101 is a 
tedious and unenlightening computation. We defer both to the end of this section. 

Proof of Proposition \3.b\ We first show that for fixed n and r, the Fourier term of index (n, r) 
can be written as in the assumptions of Proposition 13. lOl In case of L[e] ^ this follows from 
Proposition 13.91 In the case L[e] = the fundamental solutions to A^t^^l are CJ^," and C,^ , so 
that we can choose fe{y,Ve;r) = 1 or fe{y,Ve;r) = exp(47r rgfe). 

Using Proposition 13.101 it follows that for fixed n and r a term in the Fourier expansion of 
6 is of the form 



E'CE 



eeE'j^ e€E^ eeE'_ 



du. 



(3.8) (c''^[^'l(n,r)+c^'^[^'l(n,r)F(y;Z?)) 

I 

Here, £ is essential the error function: 

£{y,Ve;r) = ^Jy{re - J (^^(^e - 2Le^)^u^^ 

In order to prove that no term involving £ can occur, we may assume that L = -Z^r©©ee-B ^<^' 
Indeed, since E is rational, we can find integral basis vectors wi, . . . , Wj.]^(^i^ G (ME U E-^^ n L 
of M'''*^^). Let A be the matrix with columns wi, . . . , ti^rk(L)- Then (^(r, Az) is H- harmonic for 
the standard basis of R'^'^'^^^ and its Jacobi index is diagonal. 

Let e be a vector of positive length in E, such that £{y, Ve;r) occurs as a factor in the Fourier 
expansion 13.81 We choose a maximal E' subject to the conditions e € E' and |c'^'^[^'l(n, r)| + 
\c^'^i^'](^n,r)\ 7^ for some {n,r). Applying ^^[-^'1 we obtain an £^'-skew Jacobi form. By 
Lemma |5.5| it has no singularities at any X{z) = ar + /? for A G span(i?)~', a, /3 E Q. Hence 
it has a theta decomposition with respect to ze- In particular, its Jacobi index at e must be 
positive. This implies Lg < 0, contradicting the assumption on Lg. This completes the proof 
of Proposition 13.61 □ 

3.4. Degenerate Jacobi indices. We are now ready to prove Theorem 11.11 

Proof of Theorem \L1[ We may assume that e is the first standard basis vector. By Theo- 
rem [331 we may further assume that L = Lg (B (0)® because in all other cases the 
theorem's assertion holds when choosing (f/^ = 0. 

Apply to (f) in order to obtain an e-skew Jacobi form (p. By assumption and Lemma [5. 51 
(p has no singularities. Using the theta decomposition, we can consider it as an e-skew Jacobi 
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form of scalar index. Because of the growth condition satisfied by </>, it only depends on r and 
Ze- By the results in |BRR12) . there is an H- harmonic Maafe-Jacobi form (jf^ which maps to (j) 
under ^^[^1 and vanishes under ^. We find that (jf^^^^ := — (j)^'^ is semi-meromorphic. Since 
^^^mero-j = Q, it is meromorphic. □ 

Example 3.11. We illustrate how to apply Theorem \l.l\ to Zwegers's n-function. As noted in 
the Remarks following Definition 15'. il we have not treated neither the half integral index case 
nor the case of characters, but the ready can easily check that the arguments needed to prove 
the Theorem apply to this case as well. 

In |Zwe02| . the variables u and v are complex. For the time being, we adopt this notation. 
The ^-function is defined as 



gTrm ^ -^^n ^m{'n? +ri)T+2'Kinv 

fJ.{T, U, v) = 'of^^r^ ^ ]_ _ g27rmr+27rm 



( - sgn(n) - 1)^] (y, Jm(n - t;); n)) (-l)"+5e-™'"+2™(n-^)_ 



2^ ^ 

The second term contributes no singularities, and the first term is meromorphic. We see that 
fi satisfies the assumptions of Theorem with e = (—1 l)""". It follows that Jl decomposes 
as a meromorphic Jacobi form and a real analytic Jacobi form that only depends on u — v. 
We remind the reader that an explicit decomposition was given in [Zag07| — see this paper's 
introduction. 

3.5. Proofs of Proposition 13.91 and I3.10L 

Proof of Proposition \3. 91 Using the fact that e is orthogonal to all other elements of E, we 
find that A^W = ydz^ch^ + AniLeVedz^. A straight forward computation yields 

AHNaKV^/) = fa"{v!/y) + (1 - a'{v!/y). 



On the other hand A i = Ay'^drdr — iydr- From this we get 

2 



A 1 a{y)e{L,T) = [y' a"{y) + (^| - Ai^L^y') a'{y)) e(L,T). 

Combining both equations, the statement is obvious. □ 

Proof of Proposition WAU . Because of the invariance of C^ik,L and A^, we can assume that 
Tg = if L[e] ^ 0. In particular, we can assume that D /4|Lnd| = n. 

We first deduce three relations that hold under the assumption that L[e] 7^ for all e £ E. 
Sums and products, if not indicated differently, run over elements in E. If L[e] 7^ 0, we can 
use Proposition 13.91 to find 

(3.9) 5.n/^(y'^^)C =Ei?^-^n/^(2/'^'^)C- 

e e ^ e 

By applying this relation twice, we obtain 

(3.10) d'yllfe{y,v,)Q 

e 

e^e' ^ e^Eo ^ e 
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In addition, using the equation A^/e(y,Ue) = 0, we infer 

(3.11) dl Je{y, Ve) = SvrLe— d^Jeiy, Ve). 

y 

We start by expanding (j3.10p : 

CiLa{y)q''llfe(.y,Ve)CE: 

e 

= -2(A,_;v/2 a(y)g") H feiv, Ve) C 

e 

(3.12) - 8y'{dr a{y)q^) d^\{ Uy, v,) 

e 

(3.13) - 8y'{dra{y)q^) 5. J] ^(2^' C 

e 

(3.14) + 2y'(^{dr + 5^)a(y)g") L'^ [^d,] J] feiv, Ve) 

e 

(3.15) -8y{dra{y)q^) {7r^dvfd^l[My,Ve)CE7 

e 

(3.16) +a(y)Q"CJin/-(2^'^^)C- 

e 

In order to prove the proposition, it suffices to show that the sum of the last five terms vanishes. 
Since (|3.12p to (j3.16p involve either dr, d^, or L~^, we only need consider /e for L[e] ^ 0. 

Applying dz and 5^ to the product of all /e is the same as applying ±5^ / 2. From this, it 
is not hard to see that the sum of ()3.12p and (|3.13p equals 

2y(a'(y) - 2'Kna{y))q^ ^ 7;,ae H /e(y, ^e) C • 

By Theorem I3.5| the e for which /e is not constant are orthogonal to all other e' € E. This 
allows us to expand W^.fe^^'^e)- Employing (|3.1ip . we see that (|3.14p equals 

-2y2'Kna{y)q^ ^ v.d^'Whiy.Ve) 

The fifth part, (|3.15p . can be expanded in a straight forward way: 
-^y{\a'{y) - 2vrna(y))g"^Ve9eJ^/e(y,Ve). 

e e 

Combining the parts that we have expanded so far, we see that (I3.12p + (j3.13p + (j3.14p + 
()3.14p = 0. To prove the proposition we are, thus, reduced to showing that (|3.16p vanishes. 

We compute C^^, We fe{y,Ve)- Considering expression (|2.2p for C^j^, we see that all terms 
involving du do not contribute, because rg = in case L[e] 7^ 0. The second term does not 
contribute either, because dr and cancel each other if L[e\ 7^ 0, and they annihilate /g, 
otherwise. Neither does the order four term contribute: For L[e] = 0, we find that Q,'' is 
annihilated by either dz^ or d^. As above we can expand the other terms easily, when using 
the fact that the e for which /g is not constant are orthogonal to all other. We are left with 
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the following expression: 



e^Eo 




e,e'<^Eo 



e<^Eo e<^Eo 



Plugging in (j3.9p and (j3.10p . shows 



e 




This completes the proof. 



□ 



4. Indefinite theta series 



In this section, we generalize the results of |Zwe02l Chapter 2]. Zwegers defined indefinite 
theta series for lattices of signature (r — 1, 1), r > 2. These theta series are H-harmonic, as can 
be deduced from Proposition 13.61 Zwegers also remarked that his construction generalized to 
arbitrary, non-degenerate lattices. In the previous section, though, we have seen that we may 
only expect real analytic contributions from the negative definite part of L. Further, these 
contributions must come from orthogonal parts of L. This does not put restriction on L, but 
on E. Indeed, for every suitable pair of frames (E, E') we will define an indefinite theta series. 
We will make a connection with Zwegers's construction in Example 14.51 

Throughout this section, we assume that L is non-degenerate. 

Definition 4.1. Let E he a partial frame of length dV^ such that E-^ / {E-^)q is positive definite 
or the lattice of rank 0. Let E' be another such partial frame, and assume that the span(ej,e9 
are lattices of signature (1, 1) that are mutually orthogonal for all 1 < i < dimy_. 
Then {E,E') is called a compatible pair of partial frames of L. 

Compatible pairs of partial frames will play an essential role, when constructing H-harmonic 
theta series. However, they do not always exist. 

Proposition 4.2. Suppose that {E,E') is a compatible pair of partial frames of L. Then 
dV+ > dV-. 

Proof. By definition, Cj and e- span a lattice of signature (1, 1) for all 1 < 1 < dV-. Since E and 
E' are both orthogonal the proposition follows by taking successive orthogonal complements 
in L. Indeed, span(ei, e'^)"*" C L is a lattice of signature (dV+ — 1, dV^ — 1) which is equipped 
with the compatible pair of partial frames (E \ {ei}, E' \ {e'^^}). Now, the proposition follows 
by induction. □ 

In order to define indefinite theta series, set 



for any vector e S L. 

Definition 4.3. Let {E,E') be a compatible pair of partial frames of L. Define the (indefinite) 
theta series attached to E and E' as 



(4.1) 




(4.2) 



i=l 
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E E' 

Remark 4.4. //, up to scalar multiples, E and E have a vector in common, we have 9^' = 0. 

Example 4.5 (Zweger's indefinite theta series for lattices of signature (r — 1, 1)). In |Zwe021 
Chapter 2], Zwegers analyzed indefinite theta series for Lorentzian lattices. We adopt his 
notation. Starting with V of signature (r — 1, 1), r > 2, choose isotropic or negative vectors 
ci,C2 G M'''^*^^\ For any such choice, one obtains an indefinite theta series 

ri'^^(r,z) = p''^''{y;T)e{L[u]T + {u,z)L), 
where, in this paper's notation, we have 

Setting E = (ci) and E' = (02), we find that {E,E') is a compatible pair of partial frames 
as long as ci is not a multiple of C2. In the latter case, 9^^'^^ vanishes. In all other case, we 
find = qE,e' ^ 

Set 

D{E) := {{t,z) £ Mi^N ■ (e, v / y)L Z for all e E Eq}. 
Later on, we will prove 

Proposition 4.6. If {E,E') is a compatible pair of partial frames, then series (j4.2p converges 
absolutely for any z £ D{E) n D{E'). 

Further, it can he analytically continued up to IHIx^rk(L) except for non-moving singularities 
of almost meromorphic type. 

Not all indefinite theta series are H-harmonic. The next Proposition clarifies this. 

• E E' 

Proposition 4.7. Suppose that 6 ^ Q is Yi-harmonic. ThenEUE contains at most dV- 

vectors of negative length. 

Furthermore, there is a compatible pair of partial frames (E, E') where E' contains only 

isotropic vectors such that 9^'^ = ±9^'^ . 

Proof. Since the exponents of are distinct for distinct v £ L, the proposition reduces to a 
purely algebraic questions. Because span(ej,e^) has signature (1, 1), it follows that either Cj or 
e- must be isotropic. From this it is immediate that the number of vectors of negative length 
is at most dV-. 

To prove the second statement, consider 1 < i < dV- such that L[ei] = and L[e-] < 0. It 
suffices to prove that (^E \ {cj}) U {e^} and (^E' \ {e-}) U {cj} form a compatible pair of partial 
frames. Fix 1 < j < dV-,j 7^ i. We must show that ej and e-, and e'j and are orthogonal. 
Since span(ej,e-) and span(ej,e^) are orthogonal, this follows immediately. □ 

From this proposition we infer that the following definition covers all indefinite theta series 

for compatible pairs of frames that are H-harmonic. 

• • E E^ 

Definition 4.8. An H-harmonic theta series is an indefinite theta series 9^' , for which E 

E E' 

contains only isotropic vectors. We call 9^' a maximal H-harmonic theta series if E contains 
only vectors of negative length. 

To prove the convergence of indefinite theta series, we will need to replace certain elements 
of E and E' by more suitable ones. The next lemma tells us that we can always replace 
isotropic vectors by negative ones. 

Lemma 4.9. Let {E,E') he a compatible pair of partial frames of L. Then there is a vector e 
of negative length such that ({e} VJ E\ {ej}, £") and (^E, {e} U E' \ {e-}) are compatible pairs 
of partial frames. In particular, we can choose e such that it has rational coordinates. 
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Proof. We analyze the Grassmanian of negative definite, real subspaces 



H:=G-i^{EUE'\{e„e'^y 

We have H C G{1,V), because for all 1 < j < dimy__ we assume that span(ej,e^) is a lattice 
of signature (1,1). In particular, by Proposition 14. 2| H is the Grassmanian of negative lines 
in an indefinite quadratic space. As such, it is a manifold of dimension greater than or equal 
to 1. 

We must show that there is a point in H\ (e^ U e^"*") . Note hat ef- C G(l, V) is closed, and 
so is e^^. Since H \ (e^ U e^^) C G(l, V) contains one point, we find an open set in H that 
meets neither ef- nor e^"*". Any rational vector e spanning a space in this open set fulfills the 
requirements. □ 

The next proof is essentially due to Zwegers |Zwe02| . A little car must be taken when 
splitting off span(ej,e-) and for this reason we give some details. It is also important that 
we prove that 9j^' has non- moving singularities, which was not mentioned in jZwe02| . even 
though it is immediate from the treatment given there. 

Proof of Proposition |^.6| Using Lemma [4. 9 1 we can successively write 9^ ' as the sum of 9^ ' 

and 9^'^ , where E = {e} L) E \ {ci} and E' = {e} L) E' \ {e-}. That is, in conjunction with 
Proposition 14. 7| we can assume that L[ei] < for all 1 < i < dV-. Under this assumption we 
can proceed similarly to |Zwe02| . We write p'^'- — p^'i as a sum or difference of terms 

sgn((e„i/)L)/3(-y(z.-|)^7Le,), sgn((e»i) /?( - - |)^, / L,,) , and 

sgn{{ei,u)L) - sgn{{e[, ly) l) ■ 
It will be convenient to write z as a + rb for a,b G W^^^^ . 

Consider disjoint sets C {1, . . . ,dV-} and E'^ ^ {1, . . . ,dV-} such that L[ei] < for 
all i G E^ and L[e^] < for ieE''^. Write ^i^otr for {1, . . . , dF_} \ {E^ U E''^) . We are done, 
if we can show that for all such sets the series 

E ( n sgn{{e,,u),)f^[-y{u-l)l/L^^) sgn((e»z.) /?( - - |)^, / L,,) 

• n - sgn((e.,i/)L) j e{L[iy]T + 2{z, v)l) 

converges locally absolutely. 

Since and e[ span lattices of signature (1,1) for all i, and since E and E' are orthogonal 
partial frames, the estimates in the proof of |Zwe021 Proposition 2.4] apply word by word. We 
carry out some details for the convenience of the reader. 

It suffices to deduce a crude estimate of the first and second factor. Upper bounds for each 
term are given by 

( n sg^^{{e^,u)L)p{-y{y-l)lJL,) n sgn((e»i)/3(-y(z.-|)^,/L,, 
• Jl sgn((ei, - sgn((e-, J e{L[v]T + 2{z, 
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< n exp(-27ry(Le,(z. + a)2^-(ei,i/ + a)i/(2LeJ)) 

• n exp(-27ry(L,,(i/ + a)2, -(e> + a)i/(2Le.))) 

• n Ngn((ei,i^)L) -sgn((e-,i/)L)| exp(-27ry(Le,i/e^ +2(ze,, z^eji)- 

We are reduced to bounding the third factor. Recall that L[ei] < for all i G E, in 
particular, for all i G i^isotr- By replacing Ci, i €z -Eisotr by a suitable multiple, we can assume 
that Si G L (We drop the assumption ef = 1 for the time being. It will not be used till the 
end of the proof.) We decompose u as fi + XlieSi-otr '^^^^j where < (ej, 11)1(^1, e^)^^ < 1- As 
in the proof of |I Zwe02| Proposition 2.4], we can estimate the above product by 

(4.3) - 



We have used the fact that z G D{E'). Now, it is clear how to reduce the remaining sum to a 
finite sum of theta-like series for definite lattices as in |Zwe02| . 

E E^ n A 

We are left with proving that 6^' has non moving singularities. Since (|4.3p can be contin- 

E E' 

ued to all except finally many h (mod 1), this follows from the fact that 0^' is expressed as a 
finite sum of theta-like series. These singularities are of the right type, because ()4.3p leads to 
holomorphic singularities. □ 

Theorem 4.10. Suppose that L is an even lattice. Then the [9^'^ \ (Oi -^)) AGdisc(L) '^^^ 
components of a vector valued Maafi-Jacobi form of weight rk(L) / 2, index L, and type p^^. 



Corollary 4.11. Suppose that L is unimodular and E' contains only isotropic vectors. Then 



'^^'^ is an }i[E]-harmonic Maafi-Jacobi form of weight rk(L) / 2 and index L. 



The next lemma will help us proving Theorem 14.101 

Lemma 4.12. Let e be a continues function e : [0, 00) — ?■ span(ej, e^) for some fixed i. Assume 
thatL[e{t)] <Ofort>0, and e{0) = a. Set E{t) = {e{t)}U {E\{ei}) . T/ien limt^o ^'f = 

qE,E' 

Proof. The proof of |Zwe02l Proposition 2.7 (4)] applies almost word by word. The only 
crucial fact used there is that span(e(t), e[) has signature (1, 1) for all t. In our case this holds 
by Definition 14.11 Recalling that the spaces span(ej,e9 are orthogonal one to another for 
< i < dV-, it is easy to see that it suffices to give a uniform bound for This 
bound can be obtained as in |Zwe02| . □ 



Proof of Theorem \4.10 In the light of Lemma [4. 121 the statement follows in a straight forward 



way, when combining the ideas in |Zwe02l Proposition 2.7 (7)] and those contained in the proof 
of Proposition 14.61 For this reason, we only sketch how to obtain the general case of |Zwe021 
Lemma 2.8]. 

To calculate the relevant Fourier transform as in |Zwe02l Lemma 2.8], it suffices (we adopt 
the notation used there) to consider the derivative IleGi; directions of E. Splitting 

off the negative definite part allows us to use the usual Fourier transformation formula. In 
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order to adopt the last part of the proof of [Zwe02[ Lemma 2.8], it suffices to notice that 

/ e(L[a]T + (o, a)L) TT (p"' " p'''') ('^. 0) da 

dV- 

- ,/m(-l)ML)/2 < - ^ W / r) n iP'^ - (-!/-,-«/ r; 0) 

V I I V / i=l 

is an odd function of Qg for all e G E. □ 

Remark 4.13. As in |Zwe02| . one can show that 9^' is analytic as a function on a suitable 
subset of G- iy) X O^y . This variety, however, does not contain any points for which 0^'^ 
is H-harmonic. 

5. Specializations to torsion points 

In the first part of this section, we prove Theorem 15. 21 from which Theorem 11.21 follows . The 
second part contains several examples of H-harmonic Maai?,- Jacobi forms whose specializations 
to torsion points are of particular interest. Throughout the section, we assume that L is non- 
degenerate. We also assume, for our convenience, that E is a frame, that is, span(i?) = M'^'^(^). 

We start by constructing a generalization of the /i^ / in ^BRR12| . Recall the definition 
(0 < m G Z, / G Z): 

■ (/im('r, 2mz + {l + m)T + ^, 4^) - ^R{2mT, 2mz + (/ + m)T - 

We have used 

, e(zi/2) ^ (-l)l"lg|lHP + ||n|g(^^|^|) 

eiz;T):= (-ir+^g^C, and 

R{r,z):= (sgn(r) + ^i^H[(l)](y,^;^))(_l)-+^<^-4c^ 



(drop the normalization for Ze) Assume that span(£') = R'''^^^) contains no isotropic 
vectors. Fix some A £ Mj.k(2,)(Z) that leaves span(i?-|_) and span(i?_) invariant such that 
A = LA = ®eG-E^e- Given / G disc(L), choose a representative in LT C A". This way 
we can interpret / as an element of disc(A). We write /e for the corresponding components in 
disc (A) = 0disc(Ae). Define 

(5.1) flL^i{T,z) := Y n ^Ae,(/+A)<,(T", (^"^2)A-ie) WPK,,(l+\)S'T^i^~^^)A-^e)- 
\&L / K e&E+ e&E- 

The holomorphic part of /t^^; depends on A. Here, and throughout the section, we assume 
that the ^ii i only depend on L and I. That is, for each L, we fix A once and for all. 

Proposition 5.1. For any non- degenerate lattice L and any frame E that contains no isotropic 
vectors. 



{PL,l) 



igdisc(L) 
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is a vector valued il[E]-harmonic Maafi-Jacobi form of weight rk(L)/2, index L, and type p^. 
Its image under ^^[^-1 is 

( E n ^A.-a+A)e(^'(^"'^)A-e) n ^Le,a+A).(r,(^-l^)A-ie) 
XeL/ A eeE+ e&E- 

Furthermore, it is annihilated by ^. 



iGdisc(A) 



Proof. First assume that A is the identity matrix, so that we have L = A. Then it is clear that 
the function is a vector-valued Maa£-Jacobi form, since it is a tensor product of such forms. A 
straight forward computation of the Fourier expansion shows that it is H-harmonic and that 
it is annihilated by ^. The image under ^"1^-1 can be either computed in the same way, or it 
can be deduced from the image of fim,i under as in |BRR12| . 

In the general case, the correct transformation behavior under SL2(Z) C ^f^^ follows 
immediately from 



\L/A\, if/GL"; 
0, otherwise. 



XeL / A 

To show that the Jil^i transform correctly under the Heisenberg part of ^'^.^j^y note that it 
is still Z'''^^^) -periodic in z, since / G disc(L). It is also invariant under the transformation 
z I— >• z + At, because Jj,rn,i = lim\ {I2, 2m' ^) ■ That is, we have 

E n OA^,i^{r,{A-\z + XT))A~ie) n /iAe,z,(r,(A-i(z + AT)U-i,)|^^(/2,A',/i) 

XeL / A eeE+ eeE^ 

= E n ^Ae^(r,(^"'(^ + (A + A')r))^-i,) /i^^,,^(r,(A-i(^ + (A + A')r)U-g. 

XeL/AeeE+ eeE- 
From this, we see that z 1— t- z + A leaves fiL^i invariant. This completes the proof. □ 

In the statement of the next theorem, for the sake of notational convenience, we assume 
that span(£;) = M'''^(^). 

Theorem 5.2. Let (p be an }i[E]-harmonic Maafi-Jacobi form of index L. Then there is the 
following decomposition of (p: 

(5.2) Ht,z)= ^ <l>T°ir,ZE^uE') E hE',i{r)liL+A^„i{r,z). 

E'CE- «Gdisc(L+Ag,) 

Here, Ae' are lattices supported on span(i?-|- U E'), and (f)^?^° are meromorphic Jacobi forms 
of index Le^uE' + ^E'- The He^i are components of a modular form in ]\'f^{pL+A^, )- 



Remark 5.3. Since the definition of pi i is not canonical, the decomposition in Theorem [X 
is also not canonical. 

The proof of Theorem 15.21 depends on several lemmas that we will state after deducing 
Theorem 11.21 which is a consequence of Theorem 15.21 



Proof of Theorem \1.2[ The theorem follows immediately from Proposition 13.61 if z{t) does 
not meet the divisors of (f)'^^'^" and /II,;. In all other cases, for each E' and I, we choose 
a meromorphic Jacobi form ipE',l according to Lemma 15. 4[ which we will state and prove 
afterward, that cancels all divisors that intersect z{t). The assumptions of the lemma are met, 
since the principle part of 'fiL+A^,,l occurs as the principle part of a meromorphic Jacobi form 
(see |BRR12) for details). 
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Consider the expression 
E'lZE. igdisc(L+Aj;/) 

+ E E 

E'CE^ «Gdisc(L+Ag,) 

The sum in the first fine is regular at z{t) by choice of tpE',l- Specializing to z{t), we obtain a 
product of harmonic weak Maa£ forms as stated. Since, by assumption, (j) has no singularities 
at z{t), the sum in the second line cannot have singularities at z{t), either. It yields a weakly 
holomorphic modular form when specializing to z{t). This proves the theorem. □ 

Lemma 5.4. Let D be a set of finitely many divisors in Hi j.k(L) o/ the form X{z) = ar + f3 
for some A G (C'^^^-')", q;,/3 G Q. For each D ^ V fix a principle part Pd that occurs as the 
principle part of a weight k meromorphic Jacobi. Fix a divisor Ds that is also of the form 
X{z) = ar + /3. 

Then there is a meromorphic Jacobi form tp of weight k that has singularities along all 
D gD with principle part Po, and the other singularities of do not meet Dg. 

Proof. This is easy to prove by first constructing suitable Jacobi forms (p of scalar index using 
theta series, and then considering sums of appropriate (/>(t, A(z)). □ 

We will need the next lemmas to prove Theorem 15.21 

Lemma 5.5. Let (f> ^ be an E-skew Jacobi form for a frame E satisfying span(ii^) = M'''^^^). 
Then (p has no singularities. 

Proof. By definition, singularities of <p are non-moving. Assume that (j) has singularities, and 
let z he a singular point such that (j) has no singularities in a neighborhood f7 of z outside 
a hyperplane given by an equation A(z) = ar + /3 for A £ (C'^^^^)" and a,/3 G Q^^^^\ Af- 
ter changing coordinates, we can assume that A(z) = zi and z = (zi,0, ...). The Laurent 
expansion of (p has the form 

^) = E ^) -ar - 

n>N 

for some N €z Z. We may assume that is minimal with the property that ipisf ^ 0. 

Since L is non-degenerate by this section's assumptions, the highest derivative with respect 
to zT that occurs in L/, is a non-zero multiple of The skew-meromorphic Jacobi form 
(/>(r, z) vanishes under L/,. Applying Lj^ to the above Laurent expansion, we find that 

N—2 

TpNiT,z)N{N -l){zi-aT- /3) =0. 

This shows that A^ = or A^ = 1. Consequently, (p has no singularity at z. This contradicts 
our choice of z. □ 

Lemma 5.6. Let (p be an E' -skew Jacobi form for some E' C E. Assume that span E = W^^^^ . 
If L = Le' (B Le\e', then there is a lattice A = ®(,^e\E' ^''^'^ ^ Jacobi form ip of index A 
such that %P{t, ze\e') (Pi'^i ^) singularities. 

Proof. We show that any singularity of (p is supported at \{ze\e') = otr + (3 for some linear 
form A € span(ii^ \ E')~ and a, /3 G Q. Then the claim follows, because all such divisors can 
be realized as the divisors of Jacobi forms whose index is supported on span(£' \ E') (see 
Lemma 15. 4p . 

Since (p has non-moving singularities, there is an open dense subset V C span(£' \ E') such 
that for all A G y the specialization ifj := ((/)| (/2, A, 0)) (r, z^;/) is well-defined as a function 
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with singularities. It is an ii^'-skew Jacobi form of index Le', as can be seen from the local 
Fourier expansion of (j). Since ip is the restriction of to a hyperplane, it has non-moving 
singularities. By Lemma |5.5| it has no singularities and the claim follows immediately. □ 

Lemma 5.7. Let ^ Q he an HIE] -harmonic Maafi-Jacobi form. Fix a partial frame E' C E. 

(1) Adopting the notation of Proposition [3751 suppose thatc^^^'^{n,r) ^ for some n, r. Then 
L = Le' © Le\e'- 

(2) Suppose that L = Le'® Le\e' and ^H[£^']<^ ^ o, while = for all E' C E" <Z E for 
which L = Le" ® Le\e"- Then there is a lattice A = ©eg£;\£;' ^ meromorphic Jacobi 
form c/)™''™ of index A, and (/iOiGdisc{L+A) ^ ^^^„£k(L) (p^+a) ■^^^^/i that 

(5.3) </.(r, z) - </.-^-(r, ze\e') ^ hE'^r) I^l+aA^, z) 

iedisc(L-l-A) 

vanishes under ^^[^'1. 

The image of (p and (|5.3p under ^^[^"] for all E" ^ E' is the same. 

Proof. We first prove ([2]) assuming that ([1]) holds for all E" C E that contain E' . Second, we 
prove ([T|) assuming that ([2]) holds for all E" C E that contain E' . Then the lemma follows by 
induction on the order ({-E" C E}, C ). 

In order to prove ([2]), write (p for ^^[^ 1 (p. By assumptions and ([1]), this is an i?'-skew Jacobi 
form. Applying Lemma 15.61 to (p, we obtain A and ^lJ such that ■00 has no singularities. Any 
ii^'-skew Jacobi form without singularities has a theta decomposition. We find 

(5.4) 'iP{t,Ze\E')Ht,z) = hi{T) Jl OL,+A,,l,iT,Ze) '[leL,,UT,Ze)- 

iGdisc{L+A) eeE\E' eGE' 

By Proposition EH S,^^^'^ maps Y^hi Hl+A,i to Setting 0™*=™ = ip'^, we see that (fO]) 

vanishes under ^^[^1. 

Now, we prove ([T]) by assuming that there is some 7^ and some E' violating the statement. 
We can assume that E' is maximal with this property. By subtracting suitable Jacobi forms 
arising from Q, we can further assume that c^[^"l(n, r) = for all n,r and E' C E" . 

Inspecting the Fourier expansion of (p, we see that 

y-#E' / 2 ( _ 4^^^, / ^ Jl yH:^) (0) 

is nonzero and antiholomorphic with respect to ze'- Since the differential operators that we 
have applied are covariant, we see that that (p is invariant under a certain slash action. The 
cocycle of this slash action evaluated at ((r, z), (I2, A, 0)) equals 

exp (27ri((z, A)l + L[X]t)) exp ( - 2Tr{v, - ^^vLe' [A]) . 

This is not antiholomorphic in ze' if L ^ Le' (B Le\e'i proving statement ([TJ. □ 

Proof of Theorem \5.S\ We prove the theorem by repeated application of Lemma 15.71 

Fixed an integer > 0. Suppose that vanishes under all ^^[^'1, where E' C E, ^E' > N 
satisfies L = Le' ® Le\e'- Given E' C E, ^E' = N satisfying L = Le' (B Le\e'^ a-pply 
Lemma [5. 71 in order to obtain some 

0gr° (r, ze\e' )Yhi{T) J1l+a^^^, (t, z) . 
I 

Subtracting this, we obtain a Maafi-Jacobi form that is annihilated by ^^[^'1 . Its image under 
ah #E" = N is the same as before. 

Starting with N = f^E, the theorem can now be proved by induction. □ 
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5.1. Examples of specializations to torsion points. In order to illustrate the connection 
of H-harmonic tlieta series to modular forms for SL2(M), we give three examples. 



Example 5.8 (Mock theta functions). In |Zwe021 Section 4.3], Zwegers used the following 

' ~ (ID- write 
(46i-3&2)- Writing 



lattice to analyze Ramanujan's seventh order mock modular forms: Set L = (43). We write 



bi, &2 for the standard basis vectors o/M . Set E = (— 36i +462) o-'nd E' 
I2 for the identity in SL2(Z), and s for hi + 62, we see that 



'oE,E'\ (j s s 



is the modular completion of ri{T)J^o{T). Here, r] is the Dedekind r]-function, and J^q is one of 
the mock theta functions defined in [RamOOl page 355] . 

Any auxiliary isotropic vector in L, can he used to write 77(r)J-o(T) as the sum of the spe- 
cialization of two Yi-harmonic theta series. We do not make this explicit, since we think the 
next example illustrates this principle sufficiently well. 

Example 5.9 (Products of harmonic weak Maafe forms). We use the ideas behind the previous 
example to find products of harmonic weak Maafi forms as specializations of theta series. Keep 
the same L as in Example \5.8\. and set L2 = L (B L. Let 61, . . . , 64 denote the standard basis 
vectors forW^, and choose an isotropic vector I G L. Let li and I2 denote its images under the 
two obvious embeddings of L into L2. Set 



El = (-361 + 462,-363 + 464), 
E2 = (/i, -363 +464), 
E3 = (-361 + 462,^2), 
E4 = (lijh), 

Then (setting s = 61 + 62 + 63 + 64J 



E'l — (hyh); 

E'2 = (461-362,^2); 

£^4 = (4bi- 362,463 -364). 



k,L2 



(J s s 
V-'2i 141 14 



z=0 



is the modular completion of rjij)'^ J-q{t)'^ . All the theta series which occur are H-harmonic, 
but the sum is not. 

Remark 5.10. The preceding examples illustrates that the right analog o/A^J^'^, that was 

studied in |BRR12j . is Jfc l'^'' where E runs through all frames of L. This space, 

however, is too large, as Theorem \5.2\ shows. 

Example 5.11 (Products of holomorphic indefinite theta series). This example illustrates 
products of special holomorphic modular forms, that can be constructed as a corner case of^JT^ 
In [GZ98| ■ they played a decisive role, and it is useful to have Jacobi forms, which specialize 
to products of them. We do not claim any originality for this quiet obvious construction, but 
to the authors knowledge, the details cannot be found in the literature. 

We pick up |Zwe02| Example 2.16]. Set L = (21)? O'lT'd let Ln = L®"^ be the n-fold copy of 
L. Then E = (-6i+2j + 262+2i)j=o,...,n-i and E' = (-26i+2j + b2+2i)i=o,...,n-i form a pair of 
compatible partial frames of Ln. All vectors in E and E' are isotropic. Hence the associated 
indefinite theta series is holomorphic. 
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The following explicit expression follows immediately from [Zwe02[ Equality (2.29)] (set 
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